We analyze the renormalization group equations for the Standard Model at the one and two loops levels. At one loop level we find an exact constant of evolution built from the product of the quark masses and the gauge couplings g 1 and g 3 of the U (1) and SU (3) groups. For leptons at one loop level we find that the ratio of the charged lepton mass and the power of g 1 varies 4 × 10 −5 in the whole energy range. At the two loop level we have found two relations between the quark masses and the gauge couplings that vary 4% and 1%, respectively. For leptons at the two loop level we have derived a relation between the charged lepton mass and the gauge couplings g 1 and g 2 that varies 0.1%. This analysis significantly simplifies the picture of the renormalization group evolution of the Standard Model and establishes new important relations between its parameters.
Introduction
In particle physics the renormalization group is used for the study of the asymptotic properties of the theory [1, 2] . The renormalization group equations (RGE) for the Standard Model [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] is a set of coupled nonlinear differential equations, derived perturbatively, for the parameters of the theory (couplings and masses). The full set of RGE for the Standard Model is known up to two loops [15] and some partial results are known at higher orders (see [16] and references therein). There are no known exact solutions of the full set of RGE for the Standard Model and only some partial results were obtained. At one loop, equations for the gauge couplings decouple and are solved exactly, but at two loops this is not the case. Another approach, is to use the hierarchy of the parameters of the Standard model, keeping only certain powers of the quark and lepton masses and of λ CKM ≈ 0.21 of the Cabibbo-Kobayashi-Maskawa (CKM) matrix [17] . In such a way one obtains the exact solutions of the approximate equations [18] . The most precise analysis of the renormalization group evolution of the Standard Model is done by numerical methods, which give very precise predictions for the evolution of the couplings, masses and CKM matrix parameters.
The aim of this paper paper is to find relations between the parameters of the Standard Model that remain constant (or are slowly varying) during the renormalization group evolution. We start with one loop equation and find an exact constant for the quark masses and gauge couplings. Next we consider a lepton sector and find that with great accuracy (∼ 4 × 10 −5 ) the charged lepton masses flow proportionally to the g −18/41 1 . For the two loop case we find two generalizations of the one loop constant for quarks and one for leptons.
The study of the renormalization group invariants in the Standard Model and its extensions has been done before, see e.g., Ref [19] (and references therein), where such invariants were studied for the minimal supersymmetric extension of the Standard Model. The invariants in the lepton sector were analyzed in [20] . In Ref. [21] an approximation of two flavors was used to simplify the problem of the analysis of complicated non linear equations. Recently, such invariants were analyzed within the powerful scheme of the flavor invariants in the minimal flavor violating extension of the Standard Model [22, 23] . One should notice that all these attempts have been limited to the one loop renormalization group equations. Our approach is different: we directly analyze the structure of the renormalization group equations, first at the one loop level and then at two loops. The invariant relations are the result of such analysis in the quark and lepton sectors.
In Sec. 2 we briefly recall the renormalization group equations for the Standard Model. Next in Sec. 3 we derive and discuss an exact constant of evolution for the quark masses and gauge couplings. In Sec. 4 we consider the two loop case for the quark section and derive two expressions with very slow flow. In Sec. 5 we analyze slowly varying expressions in the lepton sector for one and two loop equations. We discuss our results in Sec. 6. We also include an Appendix, where we derive an equation needed in our analysis.
General Considerations
The Standard Model has the following set of parameters g 1 , g 2 , g 3 -gauge couplings, y u , y d , y l -Yukawa couplings of the up and down quarks and of the leptons, λ, m -Higgs quartic coupling and mass parameter. Frequently the Higgs field vacuum expectation value v is used instead of m. All these parameters are functions of the renormalization point energy and fulfill the renormalization group equations, which have the following generic form for a parameter g dg dt
Here t = ln µ and µ is the renormalization point energy. The β g is the β-function, which describes the evolution of the parameter g. The β g function depends on all the parameters of the theory, but does not depend explicitly on the renormalization point energy t. The β-functions are calculated perturbatively and β
g is its contribution at the i-loop level. The β-functions of the gauge and Yukawa couplings and of the Higgs field vacuum expectation value v have the property that they can be factorized in the following way
This means that the renormalization group equation for the Standard Model have the following form 
and the symbol † means here the hermitian conjugate matrix. The one loop approximation consists in keeping only the termsβ (1) on the right hand side of Eqs. (3) and (4), the two loop approximation consists in keeping the termsβ (1) andβ (2) on the right hand side of Eqs. (3) and (4), etc.
A constant for the one loop evolution

Derivation
The explicit form of the one loop β (1) functions for the gauge and Yukawa couplings and for the Higgs field vacuum expectation value v is the following
Now let us analyze the RGE for the H u,d matrices couplings. From Eq. (4) we know that they are the first order ordinary differential matrix equations of very specific form discussed in Appendix A. From this discussion it follows that one can derive equations for the determinant of the H u and H d matrices:
Thus, taking into account Eqs. (3), (5) and (6) we obtain at the one loop level
Now, from Eqs. (3) and (5a) we have
and Eq. (7) can be rewritten as
This means that the following function of the parameters of the Standard Model is constant upon the renormalization group evolution
Let us now express the constant in Eq. (10) 
The quark masses are equal
Taking into account Eqs. (11) and (12) 
Thus K 1 defined below is the one loop constant of the renormalization group evolution
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3.2. Numerical analysis of the one loop constant K 1
We will now display the evolution of the constant K 1 from Eq. (14), using the evolution of the parameters m i and g i obtained from the numerical solution of the one and two loop renormalization group equations. The results are shown in Fig. 1 , where we draw the constant K 1 normalized to 1 at t = 0 (by dividing it by its value at t = 0). The one loop evolution of K 1 produces a perfect straight line with a constant value, which demonstrates that the numerical analysis is compatible with the analytical one. The K 1 relation at the two loop solution of the renormalization group equations is not constant, what mathematically is expected, because K 1 was derived from the one loop equations. However it is rather surprising that the variation is so large, more that 15%. We will discuss it later after the analysis of the two loop equations.
Discussion of the two loop evolution
The evolution of the constant K 1 , at one loop level, given in Fig. 1 shows that K 1 is not constant for the two loop solution of the renormalization group equations. Unfortunately the two loop equations are too complicated to derive analytically another quantity that might be constant. However, we will analyze the situation and we will introduce some improvements. Figure 1 : Plot of the K 1 relation (which is constant at the one loop level) normalized to 1 at t = 0. The line labeled "one loop solution" has been drawn using the numerical solution of the renormalization group equations at the one loop level. The line labeled "two loop solution" has been drawn using the numerical solution of the renormalization group equations at the two loop level.
From Eq. (9) generalized to two loops it follows that 
Here λ is the Higgs quartic coupling. The right hand side of Eq. (15) cannot be analytically expressed as a derivative and thus it is not possible to find a two loop analogue of constant K 1 . However the terms of the type g be expressed as derivatives using the one loop renormalization group equations
Here g i0 is the value of the g i coupling at t = 0. Now, inserting Eqs. (16) into Eq. (15) and moving all derivatives to the left hand side we obtain Using Eq. (17) we define
.
Let us also define the quantity K 3 , which is a slight modification of K 2
The two loop evolution of the quantities K 2 and K 3 normalized to 1 at t = 0 is shown in Fig. 2 
K2 (t)
K2 ( Figure 2 : Plot of the evolution of the two quantities K 2 and K 3 normalized to 1 at t = 0. This figure should be compared with Fig. 1 , where the constant K 1 for the two loop evolution shows a significant variation. K 2 changes only 4% in the whole range of the energy and K 3 is more stable than K 2 and it changes only 1%.
Lepton case
The matrix of the Yukawa couplings for leptons is diagonal y l = Diag(Y e , Y µ , Y τ ) and the renormalization group equations for the lepton sector decouple, so one does not have to consider the equation for the determinant. If one takes the sum of Eqs. (5d) and (5e) and uses Eq. (8) one obtains
and we define the quantity K 4 , which is approximate constant for leptons
In Fig. 3 we plot the evolution of K 4 . In Fig. 3 a) we use the one loop evolution and one sees that for electron and muon one cannot notice any variation and for lepton τ the evolution is linear but very small. In Fig. 3 b) we plot K 4 and use the two loop solution of the renormalization group equations and one cannot notice any difference between electron, muon and τ . The two loop analogue of Eq. (20) has the following form
and the two loop approximate lepton relation K 5 is equal .
In Fig. 4 we plot the relation K 5 given in Eq. (23) for the two loop solution of the renormalization group equations. One can see that the variation of K 5 in the whole range of energy is approximately 0.1%, so with great accuracy one can say that K 5 behaves like a constant. 
Discussion of the results
We have analyzed the renormalization group equations for the Standard Model and we have derived various expressions built from the parameters of the theory that are constant or almost constant during the evolution. The form of the expressions depends whether we use the one or two loops equations.
In case of the one loop equations the evolution constant K 1 is given in Eq. (14) . The numerator of K 1 is the product of the quark masses and the denominator is equal to the product g 3 (g 1 and g 3 are the gauge couplings of U (1) and SU (3), respectively). This means that the dependence on g 2 of the product of quark masses cancels out. This cancellation is interesting, because it shows that the product of masses of all quarks depends only on electromagnetic and strong interactions.
For leptons there is no exact constant of one loop evolution, but the relation K 4 , for each charged lepton, given in Eq. (21) has very small variation in the whole energy range, ∼ 4 × 10 −5 for the τ lepton and much smaller for electron and µ. From Eq. (21) we also see that at the one loop level the lepton masses depend only on electromagnetic interactions through the coupling g 1 .
The relations K 1 and K 4 plotted with the two loop solutions are no more constant: see Figs. 1 and 3b. For this reason we extended our analysis to the two loop renormalization group equations. At this level the equations become more complicated and it is not possible to analytically derive exact evolution constants. However, using the one loop equations we were able to find several relations, which have very small variation during the evolution. For quarks, the evolution of these constants, K 2 and K 3 , is shown in Fig. 2 and the variation of K 2 is of the order of 4% and that of K 3 is of the order of 1%. In the case of two loops the product the quark masses depends on three gauge couplings.
We were also able to obtain a two loop expression for leptons. This generalized expression K 5 describes the evolution of the charged lepton masses as functions of g 1 and g 2 . The variation of K 5 is of the order of 0.1% and is very similar for all leptons (see Fig. 4) .
Summarizing, we have found several relations between the quark and lepton masses and gauge couplings, which remain (almost) constant upon the renormalization group evolution. Remarkably, all our relations are between the quark and lepton masses and the gauge couplings, but do not contain explicitly the Higgs quartic coupling λ or the Higgs field vacuum expectation value v. It is also interesting to note that our relations contain the product of the two flavor invariants: determinants of the quark Yukawa coupling matrices [22, 23] . Our analysis clarifies the picture of the renormalization group flow of the Standard Model, which is governed by a set of coupled non-linear differential equations. 
